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1. Introduction

Solid oxide fuel cell (SOFC) is an electrochemical device, which
directly converts the chemical energy into electricity with high effi-
ciency and low pollutant emission. Though remarkable progress
has been achieved in the development of SOFC in the recent years,
the reliability of a planar SOFC remains a problem. The residual
stresses, which arise mainly from the differences in the coefficients
of thermal expansion (CTE) of the components, may destroy the
structure of SOFC. When SOFC is cooled down to room tempera-
ture from an elevated temperature, the stresses in the cell reach to
their maximum values and may lead to failure of the structure, i.e.
delamination of the positive electrode–electrolyte–negative elec-
trode (PEN), or formation of micro-cracks in the weak layers [1]. It
was found that when the size of the planar cell was scaled up to an
active area of much above 100 cm2 they became prone to mechan-
ical failure [2]. These experimental phenomena indicate that the
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d to predict the residual thermal stresses in a single cell of solid oxide fuel
f a thick porous 8 mol% Y2O3 stabilized zirconia/nickel oxide (8YSZ/NiO)
e and a porous lanthanum strontium manganite (LSM) cathode. The sim-
om temperature, which are resulted from the contraction mismatch of

he major principal stress in the anode is tensile while the electrolyte and
stresses. The stress in one component decreases with the increase of its

s of the other two components are fixed, and the decrease of the tensile
he increase of the compressive stresses in both the cathode and the elec-
alysis also reveals that the anode is the part that is most susceptible to

al stress is so high that it reaches to the fracture strength of the anode
s employed to estimate the failure probability of the anode. The simulation
failure probability decreases with the increase of the anode thickness and
hickness. To keep the anode failure probability less than 1E−06, the anode
n 0.7 mm for a cell with an electrolyte thickness of 10 �m and a cathode

Crown Copyright © 2008 Published by Elsevier B.V. All rights reserved.

reliability of SOFC is seriously dependent on the residual thermal
stresses.
The residual stresses in SOFC have been investigated both exper-
imentally and theoretically in literature. It has been demonstrated
that the residual stresses in SOFC cell could be determined by the
X-ray diffraction method [3–5]. The residual stresses were also the-
oretically analyzed using finite-element analysis (FEA) by several
authors [5–8]. Since the options of materials are quite limited for
the anode, electrolyte and cathode materials of the planar SOFC,
the dimension becomes one of the main factors that may be used
to reduce the residual thermal stresses in the PEN. Although finite-
element analysis (FEA) has been performed to estimate the stress
distribution in a PEN, the influence of the dimensions (e.g. the thick-
ness of each layer) of PEN on the stress distributions has not yet been
investigated in detail. In order to obtain some guidelines to reduce
the stresses in the PEN to enhance its reliability, an analytical model
was developed, and by which the influence of PEN dimensions on
the stress field and failure probability was investigated in this study.

2. Analytical model

The analytical model in this study focused on the main stresses
resulted from the differential thermal expansion coefficients of the
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Fig. 1. Conceptual model for the generation of residual thermal stresses in a mul-
tilayer system: (a) stress-free condition and (b) bending and balance of bending
moment.

components of a PEN during cooling from an elevated tempera-
ture to room temperature. In this model, the components bonded
together in a SOFC cell were modeled as a flat multilayer plate.

In an elastic multilayer system, the origin of residual thermal
stresses developed during the cooling is illustrated in Fig. 1. An
elastic multilayer plate under stress-free condition at elevated tem-
peratures is shown schematically in Fig. 1(a), where the thickness
of ith layer is ti. The subscript i denotes the layer number rang-
ing from 1 to n, with 1 representing the layer at the bottom. The
coordinate system is defined such that the free surface of the 1st
layer is located at z = 0, and the interface between layers i and i + 1
is located at z = hi. With these definitions, the relation between hi
and ti is described by Ref. [9]:

hi =
i∑

j=1

tj(1 ≤ i ≤ n, 1 ≤ j ≤ i) (1)

The analysis is generally based on the classical beam bending
theory. In the cooling process, the tensile or compressive stresses
are imposed on all layers, to achieve displacement compatibility,
while the total forces remain zero. Bending is allowed to occur to
balance the bending moment induced by the asymmetric stresses
in the previous step. Naturally, these processes occur simultane-
ously in the actual multilayer systems [10].
The force balance and bending moment balance equations can
be expressed as

∑
F =

n∑
1

∫ hi

hi−1

E∗
i εidz = 0 (2)

∑
M =

n∑
1

∫ hi

hi−1

E∗
i εi(z − ı)dz = 0 (3)

where F and M are the force and bending moment, respectively, ı
is the distance from the bending axis [9] to the free surface of the
1st layer (z = 0), E∗

i
and εi are the effective Young’s modulus value

and strain of the ith layer, respectively.
In this system, an equal biaxial stress state (�x = �y), with the

negligible stress through thickness (�z = 0), is assumed [11]. The �y

stress will induce a strain in the x-direction, due to a Poisson effect.
The net strain in the x-direction can thus be written as

εxE = �x − �(�y + �z) = �x(1 − �) (4)
ources 182 (2008) 540–545 541

So that the relation between stress and strain in the x-direction can
be expressed as

�x

εx
= E

1 − �
= E∗ (5)

This effective Young’s modulus value, E*, should be used in the
above and following equations.

In analyzing thermal stresses in bilayer systems, Hsueh and
Evans found that a general equation could be used to describe the
strain distribution in the system [10]. This was achieved by decom-
posing the total strain, ε, into a stress strain, εs, and a bending strain,
εb, and the relation between ε and εs, εb can be described as

ε = εs + εb (6)

In this case, the strain continuity condition is automatically satis-
fied.

The coefficient of thermal expansion (CTE) of any layer is ˛i,
respectively. Considering the whole system cooled from a stress-
free state, to a certain temperature, T, the stress strain in the ith
layer, εs,i, produced during the cooling temperature range, �T, is
given by

εs,i = ˛i�T − ε0 (7)

where ε0 is the linear shrinkage of the multilayer system without
bending during the cooling temperature range.

The stress strain of the individual layer is generated due to the
in-plane forces resulted from the mismatch of CTEs between one
layer and the others, while the bending strain of the individual
layer is generated due to the bending moment of the whole sys-
tem. According to the elementary bending theory of flat plates, the
bending strain can be expressed as [11]:

εb = K(z − ı) (8)

where K is the curvature.
In the case of pure bending, the bending stress above the bend-

ing axis is equal and opposite to those below in order for no net
normal force to be presented, that is:

n∑
i=1

∫ hi

hi−ti

KE∗
i (z − ı)dz = 0 (9)

From Eqs. (2), (3) and (9), εs,i, ı and K can be obtained and expressed
as ∑n ∗

εs,i = ∑n

j=1E∗
j
tj

(10)

ı =
∑n

i=1E∗
i
ti(2hi − ti)

2
∑n

i=1E∗
i
ti

(11)

K = −3
∑n

i=1E∗
i
εs,i[2hiti − t2

i
− 2ıti]

2
∑n

i=1E∗
i
[(hi − ı)3 − (hi − ti − ı)3]

(12)

where the subscripts, i and j, denote the layer number.
As discussed above, in the ith layer, the strain is composed of

two parts. With εs,i, K and ı, the total strain in the ith layer, εi,
can be obtained. Substituting εi into Eq. (5), the residual thermal
stress distributions that are related to z-axis in the ith layer can be
obtained and expressed as

�i = E∗
i [εs,i + K(z − ı)] (13)

The calculation normally starts from a stress-free state at an
elevated temperature to room temperature. Since the practical
components of a single cell are sintered step by step, and the lay-
ers are bonded at different temperatures, it is assumed that the
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Fig. 2. Cross-section of a typical cell.

layer at or above its bonding temperature could deform plastically
and the thermal stress in it is free. During the cooling, the further
shrinkage will induce additional stresses in the compositive mul-
tilayer system. Therefore, the calculation is performed from the
highest bonding temperature to the lowest bonding temperature
and then room temperature. Finally, the strains set up in every step
are summarized, thus the total stresses could be obtained from Eq.
(13).

3. Results and discussion

The bending beam method based on the elastic properties, Pois-
son’s ratio, and coefficients of thermal expansion of the materials
has often been used to estimate the residual stresses in multi-
layer systems [9]. In this study, a typical multilayer single cell,
whose cross-section is shown in Fig. 2, consisting of a thick porous
anode of 8 mol% Y2O3 stabilized zirconia/nickel oxide (8YSZ/NiO),
a dense 8YSZ electrolyte and a porous cathode of lanthanum stron-
tium manganite (LSM), was modeled with the assumption that the
residual stresses were only caused by the mismatch of CTEs. The
mechanical properties needed for the stress calculation are listed
in Table 1.

3.1. Stress fields in the half-cell
The stress fields in the half-cell consisting of a porous 8YSZ/NiO
anode layer and a dense 8YSZ electrolyte layer were first calculated
to validate the analytical model, as they had been experimen-
tally measured before [3–5]. In the calculation, it was assumed
that the stresses in the half-cell only started to build up below
the lowest plastic deformation temperature and the temperature
was assumed to be 1360 ◦C, as it had been reported that the
8YSZ/NiO–8YSZ half-cell could be flattened at 1360 ◦C to eliminate
warp [5] due to plastically deformation.

The simulation residual thermal stresses in the electrolytes
with various thicknesses of the electrolyte and the anode at room
temperature are shown in Fig. 3. Note that the residual thermal
stresses are independent of the in-plane location, as indicated by
Eqs. (9)–(13). It shows that the stress is always compressive in the
electrolyte layer due to the lower CTE of the electrolyte as com-
pared with that of the anode layer, varying from 600 to 850 MPa
dependent on the thicknesses of the anode and the electrolyte. As
illustrated in Fig. 3, at a fixed anode thickness the stress decreases
with the increase of the electrolyte thickness, while at a fixed elec-
trolyte thickness the stress decreases with the decrease of the anode
thickness.

Table 1
Material properties of the components in the PEN

Materials Young’s modulus (GPa) Poisson’s coefficient

Cathode (LSM) 35 [12] 0.25 [12]
Electrolyte (8YSZ) 212 [15] 0.32 [14]
Anode (NiO–8YSZ) 55 [17] 0.17 [17]

a Compressive fracture strength of 8YSZ.
b Measured with a dilatometer (L75/1550, Linseis Messgeraete GmbH, Germany) in the
Fig. 3. Simulation residual thermal stresses in the electrolytes with various thick-
nesses of the electrolyte and the anode at room temperature.

In order to check whether the calculated stresses were rea-
sonable, experimental data determined by Yakabe et al. [3,4] and
Fischer et al. [5] were employed to compare with the calculated
results. Yakabe et al. reported that the compressive stresses varied
from 633 to 774 MPa with 20–40 �m electrolyte layers on anodes
of 2.0 mm. The experimentally measured stresses are in very good
agreement with our calculated results. The change trend of the
stress is also consistent with the results disclosed by this analytical
model. Fischer et al. [5] reported a compressive thermal stress of
560 ± 35 MPa for a half-cell with an anode thickness of 1.5 mm and
an electrolyte thickness of 10 �m. The thermal stress in Fischer’s
case is lower but still within the same order of magnitude as com-
pared with those of Yakabe’s data and our simulation results. This
is possibly due to the different specimen conditions, for example,

the difference in anode composition, anode density, and electrolyte
density will influence the Young’s modulus of these materials and
the thermal stresses. It is noted that it is difficult to make direct
comparison between experimental data and simulation results, as
the information of exact geometrical and material properties is
not available for the stresses reported. From these comparisons,
it is clear that the thermal stresses could be well predicted by the
analytical model.

3.2. Stress fields in the cell

In the present simulation, the half-cell and the cathode are
assumed to be sintered together at 1250 ◦C to form an assembly
[3], and at this temperature the thermal stress in the cathode is
assumed to be free. The maximal stresses in the three layers are
shown in Fig. 4, noting that negative denotes compressive stress
while positive means tensile stress. Here the effect of the thickness
of each layer on the residual stresses in the PEN will be especially
studied.

From Fig. 4, several distinct features can be easily identified.
Firstly, the stress in the anode is always tensile (at the interface

Coefficient of thermal expansion (×10−6 K−1) Fracture strength (MPa)

11.7 [13] 52 [14]
10.8 [13] 1000a [16]
13.0b 50–100 [5]

temperature range of 20–1360 ◦C, the sample is the same as that in Ref. [18].
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Fig. 4. Maximum stresses in the PENs with various thicknesses: (a)
telectrolyte = 0.03 mm, tcathode = 0.02 mm; (b) tanode = 2.0 mm, tcathode = 0.02 mm;
and (c) tanode = 2.0 mm, telectrolyte = 0.03 mm.
ources 182 (2008) 540–545 543

between the anode and the electrolyte, the stress at the free sur-
face is compressive, which is not shown in Fig. 4, and the value of
the maximum compressive stress is less than that of the maximum
tensile stress), while the stresses in the cathode and the electrolyte
are compressive, primarily due to the lower CTE of the cathode and
the electrolyte materials. Secondly, the stress in one component
decreases with the increase of its thickness, when the thicknesses
of the other two components are fixed. In addition, the decrease of
the tensile stress in the anode will cause the increase of the com-
pressive stresses in both the cathode and the electrolyte, and vice
versa. Thirdly, the thicknesses of the anode and the electrolyte have
pronounced influence on the thermal stresses in the PEN, while
the influence of the cathode thickness on the stresses is marginal.
Finally, the magnitudes of stresses are quite different for the differ-
ent layers. The stresses in the anode and the cathode are normally
less than 100 MPa, while the stress in the electrolyte can exceed
800 MPa.

It is well known that ceramic materials are susceptible to
fracture under tensile stress, while being less susceptible to frac-
ture under compressive stress. Therefore, the compressive fracture
strength of a ceramic material is normally much greater than its ten-
sile fracture strength. The above analysis indicates that the cathode
is unlike to crack since the cathode only experiences a low level of
compressive stress. The compressive stress in the 8YSZ electrolyte
is much higher, reaching 500–800 MPa, but still below the critical
level as the compressive fracture strength of 8YSZ has been reported
to be greater than 1 GPa [16]. However, the stress becomes criti-
cal for the anode as the tensile thermal stress in the anode is in
the range of 45–95 MPa, which is in the same order of magnitude
as compared with the fracture strength (e.g. 50–100 MPa) of the
NiO–8YSZ anode [5]. This analysis suggests that the anode is the
layer that is most susceptible to fracture in the PEN. Therefore, the
stress in the anode should be first optimized in order to improve
the reliability of the PEN.

3.3. Failure probability analysis and optimization of the
thicknesses

The failure of a SOFC stack is often caused by the fracture of the
PEN due to the brittle nature of the ceramic materials. From the
previous section, it is clear that the anode is the part that is most
susceptible to fracture in the PEN. It is therefore valuable to analyze
the failure probability of the anode for the purpose of the reliability
improvement of the PEN.
The failure probability of brittle materials like ceramics is often
modeled by Weibull statistics as

P = 1 − exp

[
−
(

�

�0

)m
]

(14)

where �0 and m are the characteristic strength and the Weibull
parameter, respectively. With this model, one could calculate the
failure stress � at a given probability P. Assuming that the failure of
the PEN is solely caused by the thermal stress accumulated during
cooling from a stress-free state at elevated temperatures to room
temperature, a criterion that describes the failure probability of the
PEN may be formulated as

�thermal,a = E∗
a[εs,a + K(ta − ı)] ≤ �a = �0 exp

(
− 1

m
ln(1 − P)

)
(15)

where the subscript, a, denotes the anode.
This non-linear multivariate equation correlates the failure

probability with the geometric parameters, which are concealed
in ε, K and ı, of the PEN.
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Fig. 5. Failure probability of the PEN with various thicknesses of the anode and the
electrolyte.

With Eq. (15), the minimum anode thickness could be deter-
mined by numerical method at given conditions like the electrolyte
thickness, the cathode thickness and the allowed failure probabil-
ity together with predetermined model parameters of �0 and m.
The �0 and m of the “standard anode”, e.g. density and 8YSZ/NiO
ratio close to the real anode used for SOFC, without the electrolyte
and cathode layers, were determined by Y. Wang et al. [19] to be
91.24 and 16.7 MPa, respectively. These values were consequently
employed in the present study.

Since the influence of the cathode thickness on the thermal
stresses was marginal, the thickness of the cathode was fixed to
20 �m for easy presenting the influence of the anode and the
electrolyte thicknesses on the failure probability of the PEN. For
practical applications, it was pointed out that the failure probabil-
ity of SOFCs should be less than 1E−05 [20] or even less than 1E−06
[20,21]. In this study, the failure probability of the PEN was set to
1E−06.

With the above-mentioned parameters and assumptions, the
influence of the thicknesses of the anode and the electrolyte on the
failure probability of the PEN is shown in Fig. 5. It shows that at
a given electrolyte thickness the failure probability decreases with
increasing anode thickness, while the failure probability increases

with increasing electrolyte thickness at a fixed anode thickness.
This figure also reveals that the electrolyte thickness has pro-
nounced influence over the failure probability of the PEN. The
failure probability shows nearly four orders of magnitude increase,
from 9E−09 to 3E−05, when the electrolyte thickness increases
from 10 to 20 �m with the anode thickness of 1.0 mm. From the
figure, one could also determine the minimum anode thickness
at a fixed electrolyte thickness and a given failure probability. For
anode-supported SOFC, thin electrolytes are normally favorable for
reducing the resistance of the electrolyte, and the electrolyte thick-
ness employed in literature [5,22] is in the range of 10–20 �m in
most cases. It could thus be calculated that the anode thickness
should be at least in the range of 0.7–1.3 mm for such electrolytes
in order to keep the failure probability less than 1E−06.

The thicknesses of the anode, the electrolyte and the cathode
may be varied within certain ranges without significant influence
on the electrochemical properties of the PEN. In literature the elec-
trolyte thickness is usually in the range of 5–30 �m [3–5], the anode
thickness is normally in the range of 0.7–2.0 mm [3–6,23]. These
acceptable variation ranges would provide enough space for opti-

[
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mizing the dimensions of the PEN. Since a small change in the
electrolyte/anode thickness would have significant influence over
the failure probability of the PEN, it is highly possible that the fail-
ure probability of the anode and the PEN could be greatly reduced
through manipulating the thicknesses of the anode and the elec-
trolyte within the ranges. Therefore, the model could be quite useful
for the PEN dimensions design to improve the reliability of the PEN.

4. Conclusions

An analytical model based on the classical beam bending the-
ory for predicting the residual thermal stresses in SOFC single
cell was developed in this study. The model was concerned with
the residual stresses in the single cell only arising from the con-
traction mismatch of its components, but other practical factors,
such as mechanical support structure, rigid seals, etc., which could
also affect the stress fields in the cell when it was assembled in a
SOFC stack, were not considered here. The model was validated by
experimental data. Simulations reveal that the stress in the anode
is tensile in the range of 45–95 MPa, while the electrolyte and
cathode are under favorable compressive stresses in the range of
500–800 and 20–60 MPa, respectively. The stress in one component
decreases with the increase of its thickness when the thicknesses
of the other two components are fixed. Calculations also show that
the anode is the part that is most susceptible to fracture due to the
tensile thermal stress close to the fracture strength of the anode
material.

The Weibull statistic was incorporated to the model for investi-
gating the influence of cell dimensions on the failure probability of
the anode. The anode failure probability decreases with the increase
of the anode thickness and the decrease of the electrolyte thick-
ness. Moreover, a small change in the electrolyte/anode thickness
will have significant influence over the failure probability of the
PEN. The increase of the electrolyte thickness from 10 to 20 �m will
cause nearly four orders of magnitude increase of the anode failure
probability. Consequently, there exists a minimum anode thickness
at given conditions like the electrolyte/cathode thickness, failure
probability, etc. The model can be used to design and optimize the
PEN dimensions.
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